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Convergence of r.v.s

Let (⌦,F ,P) be a probability space. X and {Xn} are R valued (sequence

of) r.v.s.

Definition (Convergence almost surely)

Denote by Xn ! X a.s. (almost surely) if

P[{! 2 ⌦ : lim
n!1

Xn(!) = X (!)}] = 1

Definition (Convergence in Probability)

Denote by Xn ! X in probability if for any ⇢ > 0

lim
n!1

P[{! 2 ⌦ : |Xn(!)� X (!)| � ⇢}] = 0
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Convergence of r.v.s

Proposition

Xn ! X a.s. implies Xn ! X in probability.

Proposition

Xn ! X in probability implies there exists a subsequence of Xn converging
to X a.s..

Definition (Convergence in Law (in Distribution))

Let Fn and F be the c.d.f. of Xn and X for all n 2 N. Xn ! X in Law (in

Distribution) if

lim
n!1

Fn(x) = F (x)

for any x 2 R where F is continuous at x .

Proposition

Xn ! X in probability implies Xn ! X in Law.
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Xn ->Xa. S.
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Convergence of r.v.s.

Definition
Given p > 0, denote by Xn ! X in Lp if

lim
n!1

E[|Xn � X |p] = 0

Question

(a). Show that Xn ! X in L2 implies Xn ! X in L1.
(b). Show that Xn ! X in Lp implies Xn ! X in probability.
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lim ECIXn-XP] = 0 => MECIXn-X1 = 0
(a)

n->1 Recall Jensen inequality
fix REN if f is concave

ECIXn-X1] = EC X12] ·

E[fix1] = fLEW)
f(x) : v concave

=>EC-X1]F] => 0 as no A A

-

- -

(b) fix P>0 fix MEI markor inequality

PCEWER : IXn-X1 > P3 = P [SWER : IXn-X1> (b) E(IX1 >M] =ELIX]

E[IXn-XIP] => O as new

-0 as n- b A



Brownian Motions

Question

Let f : R ! R be such that for some constant C > 0, f (x) < eC |x | for all
x 2 R. Define

u(t, x) = E[f (BT )|Bt = x ] = E[f (BT � Bt + x)].

Show that
(a)

@xu(t, x) = E[BT � Bt

T � t
f (BT � Bt + x)]

(b)

@2
xu(t, x) = E[ (BT � Bt)

2
+ (T � t)

(T � t)2
f (BT � Bt + x)]
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IBP Sudi = nW-Sedu 2 Nitis =Surfig+> PzlY) dy
IBP

(a) Define ZENIO ,T- +) Pz : Pdf of Z
=fiyt> Pz(y)/ -

-n(tss= ECf(z+] = SRRfIPEly)dY SiPysfiyt4 dy

-

Pzy)= its
t

2x u(tiX) = 0 +SRIFETfIYHLPly)dy =ES] =EBT-B



Greeks of Option

Question
Consider the European call option price at time t:

CE (t, St) = StN(d1)� e�r(T�t)KN(d2)

where d1 =
ln(St/K)+(r+�2/2)(T�t)

�
p
T�t

and d2 = d1 � �
p
T � t. Compute

(a) Delta: � = @sCE (t, St).
(b) Gamma: � = @2

s CE (t, St).
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Mor

Celt , St) = NIdi) + St. Nid)-e
-r(t- t)

kNIdr)
P

di

Ni =E Fly)dy ZwN1OK faly) : Pdfofz

= faldi) da

⑧
--

mem

== =P

CeltiStNde
-

-

Tkf(dx)


